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Electron wavefunctions in twisted bilayer graphene may have a strong single layer character or
be intrinsically delocalized between layers, with their nature often determined by how energetically
close they are to the Dirac point. In this paper, we demonstrate that in magnetic fields, optical
absorption (cyclotron resonance) spectra contain signatures which may be used to distinguish the
nature of these wavefunctions at low energies, as well as to locate low energy critical points in the
zero-field energy spectrum. Optical absorption for two different configurations – electric field parallel
and perpendicular to the bilayer – are calculated, which are shown to have different selection rules
with respect to which states are connected by the perturbation. Interlayer bias further distinguishes
transitions involving states of a single layer nature from those with support in both layers. For
doped systems, a sharp increase in intra-Landau level absorption occurs with increasing field as the
level passes through the zero-field saddle point energy, where the states change character from single
layer to bilayer.
PACS numbers: 73.22.Pr,73.43.-f,75.70.Cn
I. INTRODUCTION
Bilayer graphene1 is a remarkable electronic material
because it supports a variety of spectra, determined by
the relative angle of the nearest neighbor bonds of the
two layers2,3, which may be continuously tuned with in-
terlayer bias4. The most common configuration, Bernal
(”AB”) stacking, can be turned into a band insulator
by application of an interlayer bias, and this behavior
allows the generation of domain walls with topologically
non-trivial electronic properties, both in zero5–7 and in fi-
nite8,9 magnetic fields. At the other extreme, AA-stacked
graphene bilayers10 can be created and should support
interesting electronic phases11,12. Interpolating between
these two extremes is twisted bilayer graphene (tBLG),
in which a periodic Moire´ pattern with regions of AB
and AA stacking are contained in each unit cell2,13. In
momentum space, an important feature of this structure
is the existence of low energy saddle points, which lead
to observable van Hove singularities in the density of
states3,14–17. Interactions in the setting of such an en-
hanced density of states could lead to unusual electronic
states18–20. Although van Hove singularities are present
in the density of states for single layer graphene, plac-
ing the Fermi level in their vicinity requires a high level
of doping which has so far not been achievable. From
this perspective, tBLG offers an advantage because the
van Hove singularity is accessible at a much lower doping
level. It is therefore important to understand the effects
of the saddle points which underpin the van Hove singu-
larity on the electronic structure of tBLG, and how they
might be probed experimentally. In this paper we study
this question for the non-interacting system, focusing on
the effects of a magnetic field, and in particular how cy-
clotron resonance can uncover various properties of the
spectrum and electronic wavefunctions.
The low-energy dynamics of electrons in tBLG is gov-
erned by Dirac cones from the top and bottom layers,
and a periodic vertical hopping between them21. The
locations of the Dirac points in momentum space are dif-
ferent for each of the two layers because of the twist an-
gle. Near the neutrality point (zero energy), the Dirac
dispersions remain linear in spite of the interlayer cou-
pling, although the Fermi velocity is reduced2. Away
from this energy, near the value at which there are states
at the same energy and momentum from both layers in
the absence of interlayer coupling, tunneling has strong
effects: the bands split into an upper and lower branch,
the lower one containing a saddle point and the upper a
quadratic minimum22. In terms of the density of states,
the former leads to a logarithmic divergence while the
latter is revealed by a sharp jump23,24. In the presence
of a magnetic field, below the saddle point energy one
finds Landau levels which are similar to those of single-
layer graphene but with a two-fold degeneracy due to
the layer degree of freedom25,26. Above the saddle point,
however, tunneling between the layers becomes qualita-
tively relevant. The energy interval between the saddle
point and the quadratic minimum represents a transi-
tion region that supports interweaving electron-like and
hole-like energy levels which can be understood within a
semiclassical framework22. In particular, one may to an
excellent approximation regard the semiclassical orbits
as residing in one or the other layer for energies below
the saddle point. Above it, the orbits necessarily peri-
odically tunnel between the layers22. Above the energy
of the quadratic minimum, the semiclassical orbits be-
come more complicated, and the full intricacy of bands
and gaps that characterizes the “Hofstadter spectrum”
becomes apparent27–31.
In what follows we explore what is revealed about the
crossover behavior in the vicinity of the saddle point in
cyclotron resonance32–35. A unique aspect of a bilayer
system is the possibility to orient the electric field po-
larization of the incoming radiation perpendicular to the
layers. Such radiation cannot be absorbed in single layer
systems, but in bilayers it can be, provided the wave-
functions of the initial and/or final states involve both
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2layers. Thus a comparison of absorption spectra for par-
allel (i.e., in-plane) and perpendicular orientations can
help distinguish regions of the spectrum supporting dif-
ferent types of wavefunctions. Our analysis employs a
continuum model of tBLG2, which is used to describe a
circular system of finite size. Within this model, with
an appropriate gauge choice the model Hamiltonian pos-
sesses three-fold rotational symmetry, allowing the eigen-
states to be classified into three sectors. Interestingly,
incoming radiation polarized perpendicular to the layers
induces only intra-sector excitations, while parallel po-
larization induces only inter-sector excitations.
Overall, our calculations demonstrate that the absorp-
tion spectrum for tBLG is very different than that of
two decoupled layers. In particular there is very strong
absorption for transitions involving states below the neg-
ative energy and/or above the positive energy quadratic
band, such that the overall absorption is greatly en-
hanced over that of two single layers, as we show in more
detail below. As might be expected, density of states
calculations show that states primarily localized in a sin-
gle layer can be distinguished from ones distributed be-
tween two layers by their behavior with interlayer bias:
the energies of the former are sensitive to bias while the
latter are not36. Moreover, we find that Landau levels be-
come highly broadened as they pass through the saddle
point energy with increasing magnetic field. In cyclotron
resonance, we find that peaks associated with intralayer
initial and final states are insensitive to interlayer bias,
while transitions involving interlayer states shift notice-
ably with bias. The energy scale for which states above
the quadratic band edge become involved and absorption
starts to increase markedly is also sensitive to this bias.
Finally, we show that the large broadening of a Landau
level when it is in the vicinity of the saddle point greatly
enhances intra-Landau level absorption. In principle this
effect could be used to locate the energy of the saddle
point in the zero field spectrum.
This article is organized as follows. In Section II we de-
scribe the model Hamiltonian used in our analysis, and
how the three-fold symmetry is exploited in the calcu-
lation. Section III is devoted to density of states cal-
culations, which are compared and contrasted with the
expected results for single layers. Section IV contains
results of calculated cyclotron resonance spectra in var-
ious circumstances. We conclude with a discussion and
summary in Section V.
II. MODEL HAMILTONIAN AND
THREE-FOLD SYMMETRY
Twisted bilayer graphene with an interlayer bias u can
be modeled by a continuum Hamiltonian of the form2,7,31
H =
( HD V
V† HD
)
+
u
2
(
I2 0
0 −I2
)
, (1)
where HD = vF (σˆxp1+ σˆyp2) is the single-layer graphene
Dirac Hamiltonian. In this expression σx,y and I2 are
the Pauli matrices and the identity matrix, respectively,
which act on the sublattice space. The second term in
Eq. (1) implements the interlayer bias u. The off-diagonal
contribution V = w∑i=0,1,2 e−iqi·rVˆi is a sum of three
interlayer hopping matrices,
Vˆ0 =
(
1 1
1 1
)
, Vˆ1 =
(
z¯ 1
z z¯
)
, Vˆ2 =
(
z 1
z¯ z
)
, (2)
with the complex number z ≡ exp(i2pi/3) and z¯ is its
complex conjugate. Within the Brillouin zone of the
Moire´ pattern, the three wave vectors q0 = kθ(0,−1),
q1 = kθ(−
√
3/2, 1/2), and q2 = kθ(
√
3/2, 1/2) join a
Dirac point of one layer with a corresponding Dirac point
of the other. Because of the twist, the Dirac points of op-
posite layers are separated by kθ = 2kD sin
θ
2 with θ the
rotational angle2, and kD the distance from the Γ point
to the Dirac point in the Brillouin zone of single layer
graphene.
In the presence of a uniform magnetic field along the
z axis, the momentum operators are replaced by the co-
variant momentum operators, via pi1,2 → p1,2 − A1,2, in
the Hamitonian HD. In this paper, we use the circular
gauge A = B/2(−y, x) in order to exploit the rotational
symmetry of the system. The eigenstates of HD are
ψn,m,± =
( |n,m〉
±|n− 1,m+ 1〉
)
, (3)
with the basis ket states given by
|n,m〉 = (a
†)n√
n!
(b†)n+m√
(n+m)!
|0, 0〉 , (4)
with n and m the Landau index and angular momentum,
respectively37, and a† (b†) the raising operator for the
Landau level index (angular momentum). The angular
momentum of these states is captured by the relation
Lz|n,m〉 = m|n,m〉, with Lz = xpy − ypx. The Hilbert
space for this problem is defined by integers n ≥ 0 and
m ≥ −n. In practice, we introduce numerical cutoffs
for the upper values of n and m, which are large enough
that the results presented below are insensitive to their
precise values. Note that in introducing these cutoffs, we
are effectively considering a finite size system37, but the
portions of the resulting spectra that we analyze involve
wavefunctions well-away from the edge.
For the single layer Dirac system, the rotation operator
about the z axis,
U(φ) = e−iφLze−i
φ
2 σz , (5)
can be shown to commute with HD = ~pi · ~σ for arbi-
trary angle φ, and one can easily verify that U(φ)ψn,m =
3e−i(m+1/2)φψn,m. The full U(1) symmetry of such rota-
tions is broken down to a C3 rotational symmetry by the
interlayer coupling V. This can be seen by first noting
that U†( 2pi3 )e
−iqi·rU( 2pi3 ) = e
−iqi·Rr = e−i(R
−1qi)·r. For
the three wavevectors qi, the rotation operator R−1 acts
cyclically, rotating q0,1,2 into q1,2,0. From this, one may
show that the vertical hopping matrices follow an analo-
gous cyclic relation, U†Vˆ0,1,2U = zVˆ1,2,0. Consequently,
the interlayer hopping matrix under a three-fold rotation
transforms as V 7→ zV. We may absorb the additional
factor z by defining the full rotational operator
G = ω¯ exp[i
pi
3
τz]⊗ U(2pi
3
) , (6)
where the Pauli matrix τ3 acts on the layer index and
the complex number ω = exp(ipi/3). This symmetry
operator commutes with the full Hamiltonian, H in Eq.
(1).
Thus, eigenstates of H may simultaneously be eigen-
states of G. A general state in the Hilbert space can
always be written in the form
Φ =
∑
cn1,n2,n3,n4m1,m2,m3,m4
 |n1,m1〉|n2,m2〉|n3,m3〉
|n4,m4〉
 , (7)
where the summation is over the Landau indices n and
the angular momenta m. We wish to find conditions on
the expansion coefficients which will make a particular
state an eigenstate of G. Writing such states as Φν , with
ν ∈ Z3 = {0, 1, 2} determining the eigenvalue of G by the
relation
GΦν = z
νΦν , (8)
one finds that the non-zero coefficients obey relations
among their angular momentum indices of the form
m1 ∼ m4 ∼ ν , m2 ∼ (m1 + 1) , m4 ∼ (m3 + 1) . (9)
In the above equations the relation ∼ is defined for a
pair of integers (p, q) such that p ∼ q if 3 ∣∣ (p − q) (i.e.,
p−q is evenly divisible by 3.) Consequently, the operator
G divides the Hilbert space into three orthogonal sectors
labelled by ν, and the vanishing commutator of G and
H guarantee 〈Φµ|H|Φν〉 ∝ δµν . Thus, eigenvalues and
eigenstates of the system can be found separately for each
sub-Hilbert space defined by the index ν. In practice, this
reduces the size of matrices one needs to diagonalize H
for given maximum values of m and n by approximately
a factor of three.
The matrix elements of H involve sub-matrix elements
of the operators HD and V. The former can easily be
computed using the algebra of the operators a and b. The
matrix elements of V require the integrals Fn1m1n2m2 (qi) ≡〈n1,m1|eiqi·r|n2,m2〉, which may be computed following
methods detailed in Ref. 37, with the result
Fn1m1n2m2 = ei(m2−m1)θi(i|α|)|n1−n2|+|n1−n2+m1−m2|(10)
e−|α|
2
√
min(n1, n2)min(n1 +m1, n2 +m2)
Max(n1, n2)Max(n1 +m1, n2 +m2)
L|n1−n2|min(n1,n2)(|α|2)L
|n1−n2+m1−m2|
min(n1+m1,n2+m2)
(|α|2) ,
where the parameter α = i√`
2
(qx+ iqy) and the symbol L
stands for the associated Laguerre polynomial. θi refers
to the angle between the vector qi and the x axis.
Finally, we note that a perturbing electric field such as
one encounters in cyclotron resonance may be polarized
along the zˆ axis. This does not break the three-fold ro-
tational symmetry, so only transitions among states with
the same value of ν will be induced. On the other hand,
if the perturbing field is in the plane, the three-fold sym-
metry is broken, in such a way that only transitions that
change ν can have non-zero weight, as demonstrated be-
low. Before turning to this, we discuss the energy spectra
obtained for the unperturbed system.
III. LANDAU LEVELS IN CIRCULAR GAUGE
The spectrum of twisted bilayer graphene is obtained
by diagonalizing the matrix representation of the Hamil-
tonian in Eq. (1) in the basis {|n,m〉, n ≥ 0,m ≥ −n},
keeping only states consistent with a particular choice of
ν in Eq. 9. For convenience we adopt ~vF kθ as our unit
of energy. The magnetic field in tesla (T ) is then given
by
B =
8.5× 104
(kθ`)2
θ2[T ] , (11)
where the twist angle θ, in units of radians in this equa-
tion, is assumed to be small. ` ≡√~c/eB is the magnetic
length. For concreteness we consider a twisted bilayer
graphene with θ = 5◦, which corresponds to ~vF kθ = 665
meV. We also consider a relatively strong field regime, in
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FIG. 1. (Color online). The density of states of twisted bilayer graphene with θ = 5◦ and w = 0.15 are shown. In (a) and
(c) [(b) and (d)] the interlayer bias u = 0 (u = 0.2), and the magnetic field is B = 28.5 (38.8) Tesla in (a) and (b) [(c) and
(d)]. Arrows are used to indicate the first and second Landau levels in the case without interlayer coupling. The saddle point
Esp = 1/2 − w and bottom of quadratic band Ebq = 1/2 + w in the zero-field band structure are marked by the blue dashed
lines.
the sense that the dimensionless number kθ` is of order
one. By doing so, we need only a relatively small num-
ber of Landau levels to obtain results well-converged with
respect to the maximum Landau level index retained in
the calculation. In addition, we retain the same number
of angular momentum states for each Landau level. The
results we present are also well-converged with respect to
this number.
Fig. 1 shows the density of states for the ν = 0 sec-
tor of the Hamiltonian in Eq. (1) for two magnetic fields,
with and without interlayer bias. (Results for ν = 1 and
ν = 2 are almost identical to this, so that distinguishing
among the three sectors from their densities of states ap-
pears to be impractical.) The panels (a) and (b) are for
B = 28.5T , and in (c) and (d) B = 38.8T ; upper pan-
els (a) and (c) are results without interlayer bias, while
in the lower ones (c) and (d) u = 0.2. The arrows indi-
cate positions of Landau levels in the absence of interlayer
tunneling, and for the lowest few Landau indices n we can
see that even with interlayer tunneling, density of states
peaks can be assigned a definite Landau level index, al-
though they are broadened relative to the case with no
interlayer tunneling. This broadening becomes more pro-
nounced with increasing n, and is especially pronounced
when the unperturbed level approaches the saddle point
energy Esp = 1/2−w22. An example of this can be seen
in Fig. 1(a), where the n = 2 peak overlaps with Esp
(shown as a dashed blue line in the figure.) One may also
see the n = 1 peak is broader in (c) than in (a), where
in the former case it is closer to Esp. Therefore, we may
identify Esp as an energy scale separating regimes where
the effects of interlayer tunneling are perturbative from
one in which the density of states is qualitatively affected
by interlayer tunneling. For energies above the quadratic
band edge Eqb = 1/2 + w
22, and u = 0, the density of
states continues to oscillate but no longer actually van-
ishes, indicating that Landau level mixing has become
important at this energy scale. Finally, we note also that
the zeroth Landau level in our calculation is broadened
and even split by the interlayer coupling. This effect ap-
pears to be particularly pronounced in strong fields, and
can also be seen in tight-binding calculations38.
The bottom two panels of Fig. 1 illustrate the effect of
interlayer bias. One may see that the Landau level peaks
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FIG. 2. Evolution of semiclassical orbits in momentum
space, near a saddle point. Panel (a) represents an orbit with
energy below the saddle point with the upper (lower) part
representing the trajectory in the top (bottom) layer. The
tunnel coupling between these orbits is relatively weak and
can be well-approximated as localized in a single layer. As
the energy increases above Esp, in the absence of interlayer
coupling the two orbits cross (b). With tunneling there are
two new orbits as illustrated in (c), and the closed orbit illus-
trated represents a branch of allowed states when the energy
exceeds Eqb. The reconnected orbits now oscillate between
layers, and the corresponding states are manifestly delocal-
ized between them.
below Esp are shifted by ±u, but the features above this
energy are less sensitive to bias, particularly in the range
Esp < E < Eqp. This is clearest in panel (b), where the
minima in the spectrum above Esp move little in response
to u, although the peak heights and widths show some
sensitivity to bias. With the exception of the n = 2
level associated with the bottom layer, this also seems
to be the case in panel (d). Above Eqb, some minima
are relatively unaffected by u, but some are, and at high
enough energy the overall line shape changes significantly
when u is introduced [most noticeably in our results in
panel (b)]
This mixed behavior may be understood in terms of the
semiclassical description of wavefunctions in a magnetic
field, which are built up from semiclassical orbits in the
Brillouin zone, leading to some some wavefunctions be-
ing more strongly coupled across the layers than others.
Fig. 2 illustrates one way in which this description leads
to such a change in character. For states with energy well
below Esp, the semiclassical orbits
22 are weakly tunnel-
coupled between layers across saddle points [Fig. 2(a)],
with this coupling increasing greatly as the energy rises
above Esp [Fig. 2(c)]. When tunneling can be ignored,
wavefunctions can be associated with a particular layer,
and their energies will shift by ±u when interlayer bias
is introduced. When interlayer coupling is strong, one
may consider the effect of u within first order perturba-
tion theory, and the energies of states that are equally
distributed between the two layers will be unaffected by
bias to this order. Thus, the sensitivity of the density of
states to interlayer bias offers a measure of how strongly
coupled the wavefunctions are between the two layers at
a given energy.
We next turn to calculations of electromagnetic ab-
sorption (i.e., cyclotron resonance), which which we will
see is directly impacted by the behaviors residing in the
density of states.
IV. CYCLOTRON RESONANCE
In this section, we analyze electromagnetic absorption
– i.e., cyclotron resonance – in this system, to see what
one learns about the energy spectrum and also the ex-
tent to which wavefunctions are localized in one or the
other layer. We will consider the absorption of linearly
polarized waves, in which the polarization vector may be
either parallel or perpendicular to the plane of the sam-
ple. Only the first of these induces transitions in single
layer systems. In the bilayer system, the second can in-
duce transitions between states if one or both of them is
significantly delocalized between the layers. In this way
cyclotron resonance can give us information about the
nature of the wavefunctions.
A. In-plane electric field
When the electric field of the perturbing radiation is in-
plane, the resulting perturbation, with appropriate align-
ment with respect to the coordinate axes, is proportional
to
xˆ =
a+ a† + b+ b†√
2
, (12)
where the magnetic length ` has been set to one. The
ladder operators in this expression acting on the basis
states obey the relations
a†|n,m〉 = √n+ 1|n+ 1,m− 1〉 , (13)
b†|n,m〉 = √n+m+ 1|n,m+ 1〉 . (14)
The operator xˆ always changes the angular momentum
by one, from which we can conclude that 〈Φν |xˆ|Φν〉 must
vanish. Thus only transitions between sectors of different
ν can contribute to cyclotron resonance in this configu-
ration. From Fermi’s Golden Rule, for a given chemical
potential µ, the energy absorption α as a function of fre-
quency ω becomes
α(ω)/α0 = ω
∑
~ωf>µ
∑
~ωi<µ
|〈f |xˆ|i〉|2δ(ωf −ωi−ω) , (15)
where α0 is an overall absorption scale, |i(f)〉 is the ini-
tial (final) single particle state, and ~ωi(f) is the energy
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FIG. 3. (Color online). Results of the cyclotron resonance for µ = 0 with the external electric field lying in plane. The magnetic
field B = 13 (28.5) Tesla in panel (a) and (b) [(c) and (d)]. The top panels (a) and (c) have zero interlayer bias while the
bottom panel (c) [(d)] has the interlayer bias u = 0.1 (0.2). The insets in (a) and (d) shows the corresponding results in the
absence of interlayer coupling.
of that state. α(ω) is essentially the real part of the
dynamical conductivity39,40, and our matrix diagonal-
ization gives us access to both the wavefunctions and
energies so we may compute it directly.
The results with chemical potential µ = 0 are illus-
trated in Fig. 3. For single graphene layer, the corre-
sponding absorption peaks satisfy a selection rule |nf | =
|ni| ± 132; the resulting spectrum is illustrated in the
insets of Fig. 3(a) and (d) for B = 13 and 28.5 Tesla,
respectively. If we label the frequency for the first peak
associated with the transition n = 0 → n = 1 as ω01,
then one can find the next three peaks at the frequen-
cies of (1 +
√
2)ω01, (
√
2 +
√
3)ω01, and (2 +
√
2)ω01. In
a twisted bilayer, at low enough excitation frequencies
only eigenstates with |E| < Esp can be involved, and
as discussed above these states to a good approximation
may be treated as layer-polarized. Thus we expect to see
the same absorption peaks as in single-layer graphene for
sufficiently low frequency. This expectation is indeed the
case in our calculations. In panel (a), it can be seen that
ω01 ≈ 0.2 and the first four peaks in the single-layer case
also appear at same frequencies in the tBLG. In panel
(c) where the field is stronger, however, only the peak
indicated by solid arrows, at ω01 ≈ 0.3 is found to coin-
cide with its counterpart in single-layer case. This can be
inferred from Fig. 1(a) where the Landau levels of n ≥ 2
are significantly distorted by interlayer coupling, and we
begin to see deviations from the higher order peaks in
the single layer response. Those peaks representing the
layer-polarized nature of states become broader with in-
creasing field once the final states move close to the sad-
dle point, and eventually merge into the high-frequency
spectra.
It is interesting to note that in the presence of inter-
layer bias – for example, the spectrum with u = 0.2 il-
lustrated in Fig. 3(d) – this peak is essentially the same
in position and oscillator strength as for u = 0, further
confirming the single-layer nature of Landau levels with
|E| < Esp. For lower field, such insensitivity to u is even
more obvious as shown in panel (b) in which u=0.1 and
the spectrum does not deviate from that in panel (a)
below ω ∼ 0.9.
At higher frequencies, α(ω) deviates more dramatically
from the single layer behavior. Absorption is increased
significantly when high-energy, layer-delocalized states
participate in transitions. We indicate a threshold energy
7for this change in behavior by dashed arrows in Fig. 3(c)
and (d), which we define as the lowest frequency at which
the absorption exceeds the largest peak in the single-layer
case (see inset). Note that this threshold energy does de-
pend on the interlayer bias, as illustrated in the figure.
We attribute the sensitivity to u to the layer delocalized
nature of eigenstates for |E| > Esp. It is interesting to
notice that the overall scale of absorption is much higher
than what is found in single layer electromagnetic absorp-
tion at these relatively low frequencies. Although α(ω)
obeys an oscillator strength sum rule41, this is possible
because the absorption in the continuum model contin-
ues to high frequency, with peak heights only falling off
as 1/ω at large frequency. A finite value for the sum rule
is only obtained by imposing an energy cutoff in the spec-
trum. Evidently, the interlayer coupling transfers much
of this high frequency oscillator strength for uncoupled
layers to much lower frequency for tBLG. Clearly this is
a non-perturbative effect.
Our general observation for this type of measurement
is that at low frequency one expects to reproduce the
single layer absorption spectrum, with strong deviations
setting in once levels above Esp become involved. In
principle, by examining the spectrum as a function of
field and observing the frequency scale at which the de-
viation sets in, one may infer the value of Esp for the
system. It is also possible to make this identification by
looking for very low-energy, intra-Landau level absorp-
tion, which first becomes significant when a Landau level
approximately coincides in energy with Esp. We discuss
this possibility in the next section.
B. Out-of-plane electric field
Next we consider the electric field polarized along the
normal to the graphene plane. As remarked above, this
can induce transitions because of the bilayer structure.
In this case, the perturbation due to the vertical electric
field is, up to an overall constant, the Pauli matrix τz,
acting on the two-dimensional layer space. This preserves
the symmetry of the rotation operator G in Eq. (6). Thus
only the transitions within same sector ν are possible.
The absorption as a function of frequency in this case
can be written as
αV (E)/α
0
V = ω
∑
~ωf>µ
∑
~ωi<µ
|〈f |τz|i〉|2δ(ωf − ωi − ω) .
(16)
Fig. 4(a) and (b) show the results for the out-of-plane
configuration with and without interlayer bias. In con-
trast with the in-plane configuration, it can be seen that
the transition associated with single-layer behavior is
completely absent, so that features relatively indepen-
dent of interlayer bias u are not present. The threshold
frequency beyond which absorption increases markedly
is sensitive to the interlayer bias, just as in the in-plane
polarization case.
We may also use this configuration to explore the sad-
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FIG. 4. Results of the cyclotron resonance for µ = 0 with
the external electric field parallel with the normal of plane.
The magnetic field B = 28.5 Tesla, and panel (a) and (b) are
results without and with interlayer bias.
dle point in the band structure. As mentioned above,
the power absorption will vanish in the limit that the
interlayer coupling w → 0, so that absorption in this
configuration is sensitive to whether the states are de-
localized across the layers. One way in which this is
manifested is the broadening of Landau levels as they
cross the saddle point with increasing field. This admits
the possibility of intra-Landau level absorption. Such ab-
sorption is highly suppressed in single layers because it
can only occur when there is some perturbation that can
relax the selection rule. In this case the perturbation is
the interlayer coupling.
To carry this out one must be able to locate the Fermi
level so that half the states of the broadened Landau
level are filled, which in principle is possible via gating.
One then adjusts the magnetic field so that the first Lan-
dau level passes through the saddle point (while keeping
the level half filled.) Fig. 5 shows two density of states
plots in which the n = 1 Landau levels are pushed to-
ward higher energy, broadening and and deforming the
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FIG. 5. (Color online). Evolution of the density of states as the first Landau level passes through the saddle point (marked by
the blue dashed line) with increasing field. In the right (left) panel, B = 38.8 (46.6) Tesla. In the insets, the power absorption
resulting from excitations within the first Landau level are shown. (Fermi levels are marked by green solid lines in the main
panels.) A significant increase is seen as the first Landau level passes through the saddle point.
peak in the process. This broadening creates the possibil-
ity of electromagnetic absorption at very low-frequencies
due to the intra-Landau level transitions. Shown in the
insets are the absorption spectra, which now contain a
low-energy peak. Comparing the two peaks for the Lan-
dau level just below and just above the saddle point, one
can see a dramatic increase in both the maximum peak
height and its oscillator strength as the Landau level cen-
ter passes from just below to just above the saddle point
energy. Fig. 6 shows results for the oscillator strength
(obtained by numerically integrating the area under the
peaks such as shown in the insets of Fig. 5) as a func-
tion of the “center” of the Landau level. This oscillator
strength essentially starts to grow for µ just below Esp,
and has a sharp increase close to, although slightly be-
low, the actual value of Esp. In principle this provides a
way to locate the energy of the saddle points separating
the two Dirac points of the twisted bilayer.
V. CONCLUSIONS
We have studied the density of states and cyclotron
resonance for Landau levels of tBLG within a continuum
model. The model supports a three-fold symmetry which
allows the states to be separated into three sectors, al-
lowing some simplification of the numerical calculations.
We find that the spectrum in a magnetic field evolves
from discrete levels closely akin to single layer Landau
levels into increasingly overlapping bands with increas-
ing energy. Below the saddle point, the “band width”
is very small and the magnetic states are mainly layer-
polarized. Above the saddle point, the magnetic states
becomes strongly layer-delocalized and the bands are sig-
nificantly broader. This behavior follows from semiclas-
sical descriptions of the wavefunctions, in which orbits
in different layers begin to cross one another above the
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FIG. 6. Integrated power absorption for the intra-Landau
level transition. Horizontal axis: the chemical potential which
is tuned to coincide with the center of first Landau level as
the magnetic field varies. Vertical axis: the integrated power
absorption due to the transition within the first Landau level.
The two asymptotic lines intersect at an energy close to the
saddle point.
saddle point energy.
In order to explore the impact of interlayer coupling
and related saddle points in the tBLG band structure,
we propose two configurations for measuring electromag-
netic absorption (cyclotron resonance) in this system. In
one configuration the external electric field is polarized
along the in-plane direction, and we find that as long as
the magnetic field is not too strong, states below the sad-
dle point are effectively layer-polarized and give rise to
the same response as a single-layer system. On the other
hand, the responses at higher frequencies involve layer-
delocalized states. In the other configuration, where the
electric field is polarized perpendicular to the system,
9layer delocalized states must be involved in the transi-
tions. The different kinds of states may be distinguished
by whether they can contribute to both types of absorp-
tions, and by their sensitivity to interlayer bias.
We also found that the Landau level bands broaden
significantly above the saddle point, so that power ab-
sorption becomes possible at very low frequency which is
completely absent in the single layer case. In the perpen-
dicular polarization configuration, we find the absorption
increases significantly when the Landau band is elevated
above the saddle point. In principle, this allows one to lo-
cate the saddle point energy from the absorption spectra
of tBLG.
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